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The goal is to create a network model of logistics that ensures the distribution of
product flows from producers to consumers in conditions of growing volumes of
information, changing economic ties. To create a model, a tensor method of calculating
processes is used when changing the structure of network models of technical and
economic systems, including decomposition and calculation in parts. The network is
considered as a tensor, the projections of which are various connections of branches.
The coordinates in the network space are closed and open paths. When changing the
network structure, a new solution is obtained using a path transformation matrix. As
a result, for the first time, a network model of logistics was created with branches of
producers, consumers (determine the basis of open paths) and routes (determine the
basis of closed paths). The resistances of the branches set the tariffs for the storage
and transportation of products.

The product flows of producers and consumers are set by voltage sources that create
part of the distribution of flows along routes. To supplement up to full product flows,
voltage sources are introduced in the branches of the routes, which give additional
currents. For routes in excess of the number of open paths, the values of the
complement currents should be selected.

The sum of currents from all sources gives the values of product flows from suppliers
to consumers, solving the logistics task.

The network model is used to calculate product flows along routes without iterations,
the cost of transportation, as well as to transform the solution when routes, tariffs,
supply and demand change, using algorithms of the tensor method of dual networks.
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1. INTRODUCTION

The task of logistics is to transport product flows along routes that connect producers
and consumers. Routes are characterized by the cost of transportation (tariffs), length and
throughput. The logistics system creates networks for the movement of product flows in
the conditions of growing volumes of information, changes in technologies, routes, tariffs,
supply and demand. Calculating the distribution of product flows in logistics systems, as
well as their changes, requires performing large amounts of calculations that are necessary
for supply chain management.

The purpose of the study is to create a network model of logistics that ensures the
distribution of product flows from producers to consumers, allows you to use ready-made
solutions to obtain new solutions in conditions of change.

The distribution of product flows is an important logistics task, to which many studies
are devoted. In a linear programming transport problem, products are transported along
routes or stored in warehouses. The cost of transportation and storage in warehouses of
goods is set by a combined matrix. It is necessary to determine the routes that provide trans-
portation in the shortest time, or at the lowest cost. It is assumed that the sum of supplies is
equal to the sum of demand.

Various methods of solving the transport problem are known. For example, the north-
west angle method, the Vogel approximation method, the differential rent method, the po-
tential method, which use variants of the simplex method. First, the flows are distributed
between the destinations and receive a reference plan. In subsequent iterations, the optimal
plan is determined by improving the current reference plan. These methods use iterations
and do not provide a transition from existing solutions to solutions of the problem for new
conditions, for example, route changes. The well-known Ford-Fulkerson algorithm of itera-
tive search for the maximum flow in the transport network converges for entire throughput
capacities, but even for them it can work for a very long time.

The topological model in the form of an equivalent electrical circuit for the transport prob-
lem was developed by G. Kron [1]. The model is designed to solve the linear programming
problem in parts, and optimize the cost of transportation. The model turned out to be difficult
to apply. G. Kron believed that the simplex method is simpler and more efficient, but the
physical interpretation of the network model will allow the calculation to be applied in parts.

The purpose of this study is to create a network model that distributes product flows
in two calculation stages without iterations and provides a solution change when routes,
tariffs, supply and demand change.

It was possible to establish analogies and represent the flows of products in the logistics
system by currents in the electrical circuit; where tariffs are set by resistances, and voltag-
es give the cost of transportation. The solution has the properties of optimality, since the
electrical circuit, connecting the processes and structure by the laws of Ohm and Kirchhoff,
obeys the principle of least action.

For practice, it is important that the network model allows you to apply the tensor method
of calculating networks when changing the structure, including decomposition and calcula-
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tion by parts of complex logistics systems. The tensor method of dual networks [2] provides
calculation without iterations due to the duality invariant found by the author. This method is
relevant for the decomposition and application of parallel computing in conditions of grow-
ing volumes of information in logistics and supply chain management systems.

2. LITERATURE REVIEW

Works on the distribution and transportation of product flows in the logistics system
is being carried out in the direction of analyzing the growing volumes of information and
applying logistics methods in other subject areas.

The first network model of the transport problem in the form of an electric circuit was
developed, as noted, by G. Kron [1]. There are six types of quantities in the circuit: im-
pedances and conductivities, contour voltage sources and response currents, nodal current
sources and voltage responses. There are three types of values in the transport system: the
quantity of goods, the cost of transportation and the cost of storage. Although Kron believed
that tariffs should represent impedances, however, he then believed these values to be equal
to units. In this case, the current and voltage in each branch are numerically equal. The
costs of transportation and storage of product flows at the inlet and outlet were considered
by Kron as voltage sources.

Kron presented the objective function for route selection as minimizing power, howev-
er, the voltage refers to the circuit network, and the current refers to the node network. The
network model implements the simplex method of linear programming problems, which
allows you to solve the problem in parts. Input and output streams are considered as current
sources. The product flows correspond to the sum of nodal and contour currents, which
remain constant in each branch. Changes in the connection of branches change the number
of closed and open paths, while nodal and contour currents change.

Tensor network analysis is used to analyze transport systems in a number of works for
engineering and economic analysis [5], optimization of the airline network [12], engineer-
ing calculations [13], damage analysis [14], and traffic flows [15, 16, 18]. Discrete tensor
analysis is used for modeling on railway transport [20], for calculating a tensor network
model based on the simplex Danzig method [22]; as well as in a traffic distribution model
in a multi-level info communication network [25]. The search for balance in large trans-
port networks using direct-dual accelerated methods and tensor optimization methods with
auxiliary one-dimensional optimization is presented in [23—24]. The model of functional
and structural reliability of the supply chain in logistics and supply chain management is
considered in [26].

In this study, a tensor method of calculating processes when changing the structure of
network models of technical and economic systems is used to create a model. The gener-
alized system is considered as a tensor, the projections of which are systems of various
subject areas. The Diacoptics [1, 10, 13] presents network models of Maxwell, Schroding-
er equations, nuclear reactor, building structures, electric machines, turbine blades, etc.
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The tensor method of dual networks [2, 3, 4] was the development of Kron’s work based
on the duality invariant (the law of conservation of energy flow) [6, 8]. The author created
network models of intersectoral balance [2, 3], banks [3], security systems of oil refining
facilities [21], placement of gas detectors for fire detection [27], shaft ventilation, etc.

The network model of the logistics system [18, 19] was the development of the tensor
method application in a new subject area.

3. TENSOR METHOD OF NETWORK CALCULATION

To create a network model of the logistics system, the tensor method of dual networks
developed by the author is used [3, 6, 8, 9]. The network consists of branches connected
by a structure of links. The network is considered as a tensor, the projections of which into
coordinate systems are various structures, branch connection schemes.

The coordinates in the network space are closed and open paths that make up orthogonal
subspaces. A path is a line running along the branches, may or may not coincide with them
in the direction. Paths may vary in the composition of the elements through which they
pass, in orientation, and may close or open. Changing the structure of the system consists in
changing the boundaries, connecting or disconnecting elements, for example, branches of
the network. At the same time, the number of basic closed and open paths changes, which
changes the dimension of their space, the path transformation matrices become rectangular;
that is, they do not have inverses.

In a dual network, closed paths correspond to open paths, and vice versa, and con-
nections correspond to disconnections, and vice versa. The sum of the dimensions of the
spaces of basic closed and open paths in two networks is constant. The duality invariant
is expressed by the constancy of the sum of metric tensors of two dual networks when the
structure changes. This makes it possible to use networks to model systems of different
subject areas. The duality invariant corresponds to the constancy of the sum of powers in
two electric circuits with a dual structure when the connection of branches changes. This is
how the law of conservation of energy flow manifests itself.

The simplest coordinate system is a network of separate branches, in which paths pass
through their branches. Processes take place in the network as responses to the applied
influences. The transition to a connected contour network is carried out using a path trans-
formation matrix C, consisting of a submatrix of the transformation of closed paths "C and
a submatrix of the transformation of open paths’/C. The transition to a connected node net-
work is carried out by a matrix of transformation of paths of mutual basis 4 = C ; consist-
ing of a submatrix of transformation of closed paths ”4 and a submatrix of transformation
of open paths /4.

In a dual network, the matrices C u 4 are swapped [2, 3, 8, 9].

An abstract network is clearly represented by an electrical circuit in which the processes
are described by Ohm’s law, e, = Z , i, both in the simplest network and in a connected
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network. The structure is described by Kirchhoff’s laws: the sum of the currents in the
nodes is equal to zero and the sum of the voltages in the contour is equal to zero.

The voltage sources in branches, e, are internal influences. Responses, currents arise in
branches, the basis is closed paths, contours. The calculation is carried out as a transforma-
tion of the solution of the simplest network into a solution of a connected contour network
using the path transformation matrix "C [3, 4].

i ="Ci'="C ("CZ"C)'"Ce,=7. e, (1)
where i is the measurable currents in the branches of the network, i is the currents in the
contours of the basis, ¢, is the specified voltage sources, Z is the impedance matrix of the
simplest network, Y is the solution matrix, the metric tensor of the connected contour net-
work. The voltages in the branches are obtained by multiplying the matrix Z by the currents
in the branches: e, = Z i .

External influences, current sources, are located outside the circuit and act through the
input and output nodes. Responses, voltages, arise on branches, open paths are the basis.
The transformation matrix of the paths of the mutual basis 4 = C” . it calculation is carried
out as a transformation of the solution of the simplest network into a solution of a connected
node network using the matrix of transformation of open paths/4 [3, 4].

E =/AE =/'A (AY/A)"/AI'=Z_ I 2)
where £ are measurable voltages on the branches of the network, £ are voltages, as a po-
tential difference, arise on the open paths of the basis, /” are given current sources, ¥ = Z7 is
the conductivity matrix of the simplest network, Z_is the solution matrix, the metric tensor
of the connected node network. The values of the currents in the branches are obtained by
multiplying the conductivities by the voltages on the branches: /° =Y E .

Due to the orthogonality of the matrices C u 4, 4 = C”, the currents and voltages in
the contour and node networks do not depend on each other. This makes it possible to use
networks to simulate systems in which different types of energy operate. For example, me-
chanical and thermal energy flows, as in oil refining plants [21].

When moving from free closed branches with metric Z or open branches with metric
Y= (Z)" to a connected network, the duality invariant has the form:

ZY+ZY =1 3)
For a dual network (the values are underlined), the duality invariant has the form:
ZY+Z Y=, )

where 7 is the unit matrix. Similar relations exist between the metric tensors of contour
and node dual networks [2, 3].

Method of creating a network model of a logistics system

The method of creating a network model of a complex system is part of the tensor
method of dual networks. To create a model, it is necessary to establish analogies between
the logistics system and the network, network topology based on the analysis of a simple
model, to represent product flows by currents in the network. Then the cost of transportation
will be represented by the voltages on the branches of the routes. The model can be used
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to calculate the network when the structure changes, including the calculation of complex
systems in parts [3, 10].

Consider a simple logistics system and the flows in it. There is one supplier, two con-
sumers, two routes in this system and it is shown in Figure 1 on the left. The product flow
from the manufacturer of 100 units is delivered via two routes to two consumers receiving
70 and 30 units of the product, respectively. The flows along the routes are equal to the
needs of consumers, so their distribution is unambiguous.

The analysis of analogies of the logistics system and the network was carried out in [19],
where it was shown that for a simple logistics system presented in Figure 1a, the network
model presented in Figure 1b is the most adequate.

$;=100 l Product Delivery branch 1

delivery

N\

Transportation routes

b

Route branches 4 m 5

dy=70 d3 =30
b b3
Consumers of e; =100
\ the product
a) Simple logistics system: supplier, b) Network model of a simple
two routes and two consumers logistics system of 5 branches

Fig. 1. A simple logistics transport system and its 5-branch network model.

The structure of the network model differs from the structure of the logistics system.
Since it is assumed that there is an equality of the sum of supplies and the sum of consump-
tion, the input of production and the output of consumption can be considered as “ground-
ing” and link them in one node D.

As a result, two closed paths, contours, which are not present in the logistics system,
appear in the network model. It turned out that such a network structure makes it possible
to adequately represent product flows in the logistics system. In the network model of the
impact, the supply of suppliers and the demand of consumers are represented by voltage
sources that are located in the input and output branches.

Suppliers, consumers and the routes connecting them are represented by branches of
the network through which product flows, represented by contour currents, pass. Tariffs for
storage and transportation of products set the resistance of branches. The specified flows of
manufacturers (suppliers) and consumer demand flows are represented by voltage sources
e, Let the resistances of the branches of suppliers and consumers be equal to units. Then
from the equation e, = Z i’ we get that in a network of separate branches the currents
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i’ = Z" e, in the input and output branches are equal to the supply of suppliers and the de-
mand of consumers, and the currents in the branches of routes are zero.

According to the topology of the logistics network, the branches of producers and con-
sumers determine the basis of open paths. The route branches will determine the basis of
closed paths in the network. Calculation by formula (1) of the connected circuit network
with voltage sources e, gives currents in the branches of i/, representing, although not
completely, the distribution of product flows along the routes. Voltage sources e’, consist
of e,/, — product offerings in supplier branches and e,’, — product offerings in consumer
branches. This solution can be considered as a reference plan, and written as:

i'=Y e ="C("CZ"C)'"Cé, %)
where i ! consists of i,  in the entry branches, 7, ! in the exit branches and i, ' in the route
branches.

The received currents differ from the set values of supply fori, * =i —1i, ' and demand
fori,? =i'—i,"

To supplement up to full product flows, voltage sources are introduced in the branches
of the routes defining the basic circuits. These sources should give such currents in the input
branches 7, ? and currents in the output branches i, ?, so that they supplement the currents
i ' to the set values of the flows of suppliers and consumers. Then the currents i, '+, * will
correspond to the product flows in the routes.

The currents in the input and output branches should be equal to the current difference in
the simplest and connected network i > = i’ —i /, they are created by new voltage sources in
routes branches e ’. Additional currents i, ? in the branches of routes are obtained according
to Kirchhoff’s law for nodes, route boundaries. Formally, the balance of currents in these
nodes is given by the incident matrix M/, connecting nodes and branches, on the basis of
which we obtain a system of equations:

M}i'=0. (6)

Solving this system of equations, we obtain complement currents only for those routes
whose number is equal to the number of basic open paths without unity, i.e. j — /. For
branches of routes representing m basic circuits in excess of this number, i.e. form —j + 1,
the values of the new currents must be set.

The freedom to choose a part of the supplement currents allows you to optimize the
choice of routes according to different criteria; assign flows along the selected routes due
to certain preferences.

So, the product flows from suppliers, represented by the sum of currents i, ' + i, 7, are
distributed along the routes 7, ' + 7, °, and arrive at consumers in the right amount 7, ' + 1, 2,
solving the logistics problem. The same problem of the need to introduce additional sources
to represent product flows arose during the development of a network model of intersectoral
balance [2, 3, 7]. The problem there was solved by using threads in a dual contour network.

The tensor method of network models allows you to calculate flows when the structure
changes, including decomposition and calculation in parts of complex networks using effi-
cient algorithms.
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The product of the tariffs represented by the resistance of the branches on the product
flow gives the cost of transportation along this path, and the sum of all the paths determines
the total cost of transportation. By changing the distribution of flows along the paths with
the most favorable cost, it is possible to reduce the cost of transportation of goods.

Results of calculation of the network model of the logistics system and discussion
Figure 2 shows an example of a network model of a logistics system, the structure of
which is similar to that shown in Figure 1. The network includes two suppliers represented
by branches 1 and 2, three consumers — branches 3, 4, 5, which are connected by six routes
represented by branches 6 to 11. The resistances of the branches set tariffs, the cost of trans-
porting a unit of product. The calculation is carried out in two stages.
1. Let’s define product flows from suppliers in branch 1-300 units, and in branch 2-200
units; consumer demand in branch 3 is 100 units, 4-350, and 5-50 units. Supply and
demand are represented in the diagram by voltage sources e¢10.

1 2 3 4 5 6 7 8 9 10 1
el =1300[200 ] 100[350] 50 0o oo ] ofo]o]

N

Six branches of the routes do not yet have sources of impact. The entry and exit branch-
es define open basic paths, the route branches define closed basic paths. Network topology:
branches n =11, nodes J= 6, subnets s = 1, open basic paths j =J—s5=6—1 =5, closed basic
pathsm =n—j=11-5=6.

A

Deliverv branch

Fig. 2. Network model of a transport system consisting of 11 branches
for two suppliers and three consumers.

The transformation matrix describes the structure of transportation of products. The
transformation matrix from network paths from individual branches to paths in a connected
network, in which the rows indicate the choice of paths, has the form:
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M

1 2 3 4 5 6 7 8 9 10 11
I 1 0 0 0 0 0 0 0 0 0 0
21 0 1 0 0 0 0 0 0 0 0 0
3. 0 0 1 0 0 0 0 0 0 0 0
41 0 0 0 1 0 0 0 0 0 0 0 JCc
5. 0 0 0 0 1 0 0 0 0 0 0
C= 6| 1 0 1 0 0 1 0 0 0 0 0 ®)
711 0 0 1 0 0 1 0 0 0 0
81 1 0 0 0 1 0 0 1 0 0 0 |"C
91 O 1 1 0 0 0 0 0 1 0 0
100 0 1 0 1 0 0 0 0 0 1 0
11 0 1 0 0 1 0 0 0 0 0 1

The entry and exit branches define open paths. These are the first five rows that make
up the /C matrix. The route branches define closed paths — the last six lines, they make up
the "C matrix. Using the "C matrix, we obtain by formula (1) the matrix of the solution of
the contour network Y.

Let the resistance of the branches be equal to units. Next, we will consider resistances
as tariffs for calculating the cost of transportation and storage of products. Then the metric
matrix of the basic contours of the connected network has the form:"C"C, =z =

6 7 8 9 10 11

6] 3,0 1,0 1,0 1,0 0,0 0,0

7 1,0 3,0 1,0 0,0 1,0 0,0
8 1,0 1,0 3,0 0,0 0,0 1,0 9)

9 1,0 0,0 0,0 3,0 1,0 1,0

10 0,0 1,0 0,0 1,0 3,0 1,0

1100 0,0 1,0 1,0 1,0 3,0

By inverting the resulting matrix z*, and multiplying it on the left by ”C, and on the right
by "C, we get the solution matrix ¥ ="C, (z')' "C =

1 2 3 4 5 6 7 8 9 10 11
0,625(-0,125] 0,167] 0,167 0,167] 0,208] 0,208 0,208 [-0,042 [-0,042 [ -0,042
-0,125] 0,625] 0,167] 0,167] 0,167]-0,042[-0,042{-0,042| 0,208 0,208 [ 0,208
0,167] 0,167] 0,556]-0,111[-0,111] 0,278]-0,056[-0,056| 0,278 [-0,056 [-0,056
0,167] 0,167]-0,111] 0,556 [-0,111]-0,056] 0,278 [-0,056[-0,056| 0,278 [-0,056
0,167] 0,167]-0,111]-0,111 0,556 |-0,056[-0,056| 0,278 [-0,056 [-0,056 | 0,278
0,208]-0,042| 0,278[-0,056-0,056| 0,514-0,153[-0,153[-0,236] 0,097 0,097} ()
0,208 [-0,042[-0,056] 0,278[-0,056|-0,153] 0,514[-0,153] 0,097[-0,236| 0,097
0,208 [-0,042[-0,056[-0,056 | 0,278]-0,153]-0,153| 0,514 0,097| 0,097 -0,236
-0,042] 0,208 0,278[-0,056[-0,056]-0,236| 0,097] 0,097| 0,514-0,153[-0,153
-0,042| 0,208[-0,056| 0,278[-0,056] 0,097 [-0,236| 0,097[-0,153| 0,514 [-0,153
11]-0,042] 0,208[-0,056[-0,056] 0,278] 0,097] 0,097]-0,236]-0,153]-0,153] 0,514

O 0 3 N bW

—_
[«]

Multiply this matrix of the solution by the impact vector given by supply and demand,
and represented by voltage sources e’, in vector (7), as a result we get responses, currents in
the branches of the contour network "i ’ at the first stage.
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1 2 3 4 5 6 7 8 9 10 11
mil =|245,83[170,83 | 94,44 [261,11] 61,11 | 59,72 [ 143,06] 43,06 | 34,72 [ 118,06 | 18,06 |

Since the resistances are equal to units, the resulting currents in the branches are nu-
merically equal to the voltages on the branches "i’, = "e, . These are currents that should
be analogous to product flows in the logistics network. However, the received response
currents to impacts in the input and output branches (warehouses) do not fully correspond
to the flows of products that should move from the input to the output.

The results of the calculation of the contour network model at the first stage (currents
numerically equal to voltages) are shown in Figure 3.

Delivery branch

by bs

Delivery branch

Fig. 3 Results of calculation of the network model of the logistics system at the first stage.

2. In the network model, the input and output branches define open paths. The basis of
closed paths, they are defined by branches of routes, gives independent currents that
can be used to construct product flows in a logistics system. It is necessary to find such
voltage sources in the branches of the routes, the responses to which will complement
the currents obtained at the first stage to the values of the product flows.

Let’s denote the number of producer branches n,, the number of consumer branches

n,, and the number of route branches 7,. The total number of branches 7 in the network is

n=n, +n,+n, There are two nodes in each separate branch. In the network, branches are

connected by nodes. Let suppliers be connected to consumers through a grounding node.

This means that all manufactured products are delivered to consumers. Then the number of

nodes J is equal to the sum of the producer and consumer branches plus one J = n, +n, + I.

If the route branches have not been added yet, then there are only open paths in the network

so far. The number of basic open paths j is equal to

j=J—s=J-1=n,+n,+1-1=n,+n, (11)
where s is the number of subnets. Thus, the basis of open paths consists of input and
output branches. The branches of routes that connect the outputs of producers with the
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inputs of consumers add contours, since the number of nodes does not change. Thus, the
branches of routes determine the basis of closed paths, the dimension of which is m = n._.
Voltage sources in the branches of routes create additional currents in the network. In sum
with the currents obtained at the first stage, they will give values numerically equal to the
product flows in the logistics network. First of all, the currents from the sources in the route
branches should complement the currents in the input and output branches to the specified
supply and demand flows.

The dimension m of the closed path basis may differ from the dimension of the open
path basis j. If each input is connected to one output, then the number of routes m will be
equal to the greater of the numbers n, or n,. If all inputs are connected to all outputs, then the
number of routes will be equal to m = n, n,. This is more than the dimension of the basis of
open paths j = n, + n,. Then some contours, their number m — j, should be assigned values.
Thus, there is freedom to choose the volume of transportation on some routes, which allows
you to optimize, for example, the cost of transportation in this network.

Let’s consider the differences between the currents in the individual branches of the
network, and those obtained as a result of the calculation of the contour network at the first
stage. They correspond to the currents in the node network due to the duality invariant.
However, to build product flows, only current differences in the simplest and contour net-
work i ? =i ”—i ' in the input and output branches are needed.

Branches 1 2 3 4 5 6 7 8 9 10 11
Currents
In a simple
notorh 300 | 200 [ 100 350 | 50 | O 0 0 0 0 0 [(12)
In the contourl, \5 6370 83194 44|261.11|61.11 | 59,72 | 143.06 | 43.06 | 34,72 | 118.06 | 18.06
network

Differences | 54,17 29,17 | 5,56 | 88,89 |-11,11|-59,72|-143,06(-43,06|-34,72|-118,06|-18,06

The currents in the branches at the second stage of the calculation, icz, are indicated
by the branch numbers, for example, i, > = 54,17. The i’ currents in the input and output
branches are given, i.e. 1-5, which are obtained as differences in the table. The task is to
find new sources, the responses to which will complement the currents in the branches at
the input and output to the values of real supply and demand flows. Then, in the branches
of the routes, the total currents will give the distribution of the flows of transportation of
products from suppliers to consumers. In this case, additional currents in routes, in branch-
es 6,7,8,9, 10 and 11 are unknown. These branches, by virtue of the choice of paths,
determine the basis of the circuits in the network structure, and the currents in them are
equal to the contour currents.

Additional currents in the branches of routes are obtained from the system of equati-
ons (6), where the balance of currents in the nodes according to Kirchhoff’s law is ex-
pressed in terms of the matrix of incidents, M i’ = 0. This system of equations connects
unknown currents in the branches of routes (circuits) and found currents in the branches of
open paths. For m —j + I currents in the branches of routes, it is necessary to set values,
since the current balance equations in the nodes are not enough.
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Thus, unknown currents in routes i, ’, in this case, in branches 6-11, can be obtained
from the condition of current balance in network nodes A, B, C, D, E and F according to

Kirchhoff’s law. The incident matrix, M,’, for this network has the following form.

1 2 3 4 5 6 7 8 9 10 11 i,

4l NI i, 2=[ 54,17

B 1 A -] i,2=] 29,17

c -1 1 1 i2= 556 | (13)
D -1 1 1 i,2=| 88,89

E -1 1 1 2= -1
Flala[tr 1]

Here, on the right, the known currents of the difference in the open paths are given. Mul-
tiplying the matrix of incidents by the vector of difference currents, we obtain the following
balance equations at the nodes.

Node A:i, >=i ’+i > +i’=54,7.
Node B:i,’ =i’ +i,’> +1i,7=29,17.
Node C:i,7 =i’ +i,7 =5,56.(14)
Node D:i,>=1i,’+1i,’ =88,89.
Node E:i 2 =i ’+i, > =-11,11.

L 24 s 2 22 a2 +o2
Node F: i, +i,”—i,”—i,’—i. > = 0.

(12)

In the grounding node F, the balance of the currents of the input and output branches is
given. Thus, this node does not participate in the calculation of new currents in the routes.
This means that it is necessary to choose values for m —j + I currents in the branches of the
circuits. In this network of contours m = 6, open paths j =5, therefore m —j + 1 =6-5+1=2.
It is necessary to set the values of two free currents.

For example, we will set the currents i, = 10, and i,, * = 15. Solving the balance equa-
tions in the nodes, we get the remaining currents in the circuits 7 ,: i, > = 1,39, i > = 78,89,
i’ =-26,11,i,7=4,17. Multiplying the transformation matrix by the vector of currents in
the circuits, we get additional currents in all branches of the network i, ="C, i, =
72

—_
[o)}

6 7 8 9 10 11 r.
1 1 1 1 0 0 0 1| 54,17
2 0 0 0 1 1 1 i, 2| 29,17
3 1 0 0 1 0 0 3| 5,56
4 0 1 0 0 1 0 6 1,39 41 88,89
5 0 0 1 0 0 1 7| 78,89 50 -11,11
6 1 0 0 0 0 0 * 8 -26,11 6 1,39 (15)
7 0 1 0 0 0 0 9 4,17 7| 78,89
8 0 0 1 0 0 0 10| 10,0 8| -26,11
9 0 0 0 1 0 0 11| 15,0 91 4,17
101 0 0 0 0 1 0 10| 10,00
11{ 0 0 0 0 0 1 11| 15,00
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The sum of the voltages in the branches of the routes represents the total cost of trans-
porting products. The voltages in the branches of the routes in this case are numerically
equal to the values of the contour currents, since they chose that the resistances are equal to
units. The values of the voltage sources in the circuits, the basic closed paths, are obtained
by the formula, where Z" is givenin (9): e ,= ("CZ"C)i,=Z2"i,=

6 7 8 9 10 11 i e

2 2
6 [ 30 10101 10|00 00 6 1,39 6| 61,12
7 110 (30 101]00 ] 10| 00 7| 78,89 7| 221,95
8 | 10 [ 10|30 |00 | 00| 1,0 * 8 -26,11 = 8| 1695 (16)
9110000030710 1.0 9 4.17 91 38,90
10100 | 1.0 | 00 | 1,0 | 30 | 1.0 10[_10.0 10 128,06
11100007 107] 10 ] 1071 30 11 15,0 11 33,06

The sum of the voltage sources located in the branches of the routes is 500.
Figure 4 shows the values of the currents in the branches, which are obtained at the second
stage of the calculation, and the voltage sources that create them in the branches of the routes.

Delivery branch i =-26.11

e’1)=33,06

Fig. 4 Results of calculation of the network model
of the logistics system at the second stage of the transport system.

The sum of the currents i, received in the circuit network at the first stage, i’ , and the
currents received at the second stage, i* is equal to:

i ? i+ Sum
1 245,83 1 54,17 1 300,00
2 170,83 2 29,17 2| 200,00 500
3 94,44 3 5,56 3 100,00
4| 261,11 4 88,89 4| 350,00
i=i+i =5 6Ll + 5[ -1l 5[ 50,00 0 4y

6 59,72 6 1,39 6 61,11
7 143,06 7 78,89 71 221,95
8 43,06 8 -26,11 8 16,95
9 34,72 9 4,17 9 38,89

10| 118,06 10 10,00 10] 128,06

11 18,06 11 15,00 11 33,06 500,01
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It is shown on the right that the sum of currents in the input and output nodes is 500,
which corresponds to the specified flow of supply and demand, which are distributed along
the branches of the routes. The sum of flows along the routes is equal to the sum of flows
at the input and the sum of flows at the output, namely, is equal to 500, taking into account
rounding, i.e. all product flows are delivered.

Figure 5 shows the values of the currents in the branches, which represent the sum of the
currents obtained by two stages of calculation (17). Voltage sources are not shown.

A i5=1695 4 =3389

Delivery branch

Fig. 5 Product flows in logistics system routes as the sum
of currents received during two stages of network model calculation.

At the same time, other options are possible, setting requirements for certain routes. For
example, let’s assign currents in the other two branches of the routes i, * =20, i, > = 30. The
following results are obtained:

Branches| 1 2 3 4 5 6 7 8 9 10 11

i, 245,83 (170,83 | 94,44 | 261,11 | 61,11 | 59,72| 143,06 | 43,06 | 34,72 | 118,06 | 18,06
Z, 54,17 | 29,17 | 5,56 | 88,89 |-11,1120,00 | 30,00 | 4,17 |-14,44| 58,89 |-15,28
i' .+, 300,00 200,00 | 100,00 | 350,00 | 50,00 | 79,72 | 173,06 | 47,23 | 20,28 | 176,95 | 2,78

At the first stage, the results are the same, but the sum of currents representing the dis-
tribution of product flows along the routes turned out to be different. The choice of values
of free currents is limited by the fact that the product flows must be non-negative. However,
negative values can be interpreted as the need to return products that have already been
delivered in order to meet the assigned requirements.

The sum of flows along the routes is also equal to the sum of flows at the input and
output, i.e., equal to 500, taking into account rounding, i.c. all product flows are delivered.
The network model allows the decomposition and calculation by parts of complex systems
using algorithms developed in the tensor method of dual networks.

The network model provides the calculation of the cost of transportation. By analogy,
we will assume that tariffs are represented by branch resistances. Then the voltages on the
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branches represent the cost of transporting the flow of products along this route. The sum of
the voltages (costs) on all routes gives the total cost of transporting products.

As an example, we will assign tariffs as resistances in the branches of routes, which
for brevity we will represent as a vector, although in reality this is the main diagonal of the
resistance matrix. The voltages on the branches will be obtained by the formula e’ + ¢’ =
Z@' + 7).

Branches 1 2 3 4 5 6 7 8 9 10 11
V4 1 1 1 1 1 2 3 4 5 2 3
i, 185,1 | 141,5 | 81,8 | 1959 | 48,9 | 66,5 | 89,6 | 29,0 | 153 | 106,3 | 19,9
i 1149 | 58,5 | 182 | 154,1 | 1,1 |-153 [139,1| -87 | 33,5 | 15,0 | 10,0

i+ 300,0 | 200,0 | 100,0 | 350,0 | 50,0 | 51,2 | 228,7 | 20,3 | 488 | 121,3 | 29,9
e/ +e 300, |200,0 | 100,0 | 350,0 | 50,0 | 102,3 | 686,1 | 81,3 |244,2 | 2426 | 89,6

The sum of the voltages in the branches of routes 6 to 11 is equal to 1446,14; this is the
total cost of transporting products at the specified supply, demand, and tariffs. For compar-
ison, let’s consider another option for setting tariffs with the Z matrix, the main diagonal of
which is represented by a string.

Branches 1 2 3 4 5 6 7 8 9 10 11
Z 1 1 1 1 1 6 4 2 3 2 2
il 163,1 | 1512 | 594 | 183,5| 71,4 | 29,6 | 758 | 57,7 | 29,8 | 107,7 | 13,7

P 136,9 | 48,8 | 40,6 | 166,5 | 21,4 | 16,8 | 151,5 | -31,4 | 23,8 | 15,0 | 10,0
i+ 1300,0 [200,0 [ 100,0 | 350,0 | 50,0 | 46,4 [ 2273 | 26,3 | 53,6 | 1227 23,7
e’ +¢’ 130002000 [ 1000 | 350,0 | 50,0 [ 2782 [909.4 | 52,6 | 160,9 [ 2453 | 474

The sum of the voltages in the branches of routes 6 to 11 is 1693,76; this is the total cost
of transporting products when setting new tariffs. The change (redistribution) of tariffs led
to a different distribution of flows along routes and the total cost of transporting products.

4. CONCLUSION

The created network model of the logistics system based on the tensor method of dual
networks provides the calculation of product flows along routes from suppliers to consum-
ers in two stages without iterations, as well as the calculation of the cost of transportation
in accordance with tariffs. To analyze the options, you can select the parameters of supply
and demand, fare values, route schemes, etc.

A certain limitation of the logistics network model is the need to specify at the second
stage of the calculation the values of currents in some branches of routes, the number of
which is equal to the difference between the dimension of the closed path basis and the open
path basis. The model provides the calculation of the transportation plan when new require-
ments arise for the volume of transportation along certain routes using path transformation
matrices. Variations in the route structure and supply and demand parameters need to be
used to optimize the transportation plan, which requires further research.

The further direction of research will be the application of decomposition and calcula-
tion by parts of complex logistics systems, calculation of flows when changing the structure
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of routes using algorithms of the tensor method of dual networks, analysis of the behavior
of the system when changing the tariffs for storing products.
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Llenbio sBAAETCS CO3JAaHME CETEBOM MOJENM JIOTUCTHKH, 00ECIeuHBaroLIeH
pacrpeeseHle TOBapHBIX MOTOKOB OT IPOM3BOJUTENCH K IOTPEOMTENsIM B
YCIOBHSIX PacTymuX 00BeMOB HMH(OPMAIWH, U3MEHEHHS SKOHOMUYECKHX CBSI3EH.
Jnst co3maHust MOJETH HPHMEHSETCS TEH30pHBIM METOJ| pacdeTa MpOIECCOB IPH
HN3MEHEHUH CTPYKTYPBHI CETEBBIX MOJETICH TEXHHIECKHX M YKOHOMUYECKHUX CHCTEM,
BKJIIOYAsl JEKOMITO3UIIMIO U pacdeT Mo yacTsaM. CeTb paccMaTpHUBAaeTCs Kak TEH30p,
MPOCKUUAMH KOTOPOT'O ABJIAKOTCA Pas3IMYHbIC COCAMHCHUA BETBEH. KOOleI/IHaTaMI/l
B CETEBOM IIPOCTPAHCTBE SIBJIIOTCS 3aMKHYTbIE U OTKpBIThIC yTH. [Ipyu n3MeHnenuun
CTPYKTYPHI CETH HOBOE pElIeHHe MOTydaeTcs C HOMOIIBIO MAaTPHIIBI IPeoOpa3oBaHUs
myteid. B pesymprare coszmaHa cereBas MOJENb JIOTHCTHKH, B KOTOPOH BETBH
MPOU3BOJMTENCH U TOTpeOUTENel ONpenenstoT 0a3uc pa3OMKHYTHIX ITyTeH, a BETBU
MapIIpyTOB ONPEAENAIOT 0a3uc 3aMKHYTHIX MyTei. COMpOTUBIEHNUS BETBEN 3a1al0T
Tapudbl XpaHEHHs ¥ NEPEBO3KH IIPOYKTOB.

[ToToKM TNPOAYKTOB NPOW3BOAMTENCH M MOTpeOUTENeH 3agaHbl HCTOYHHKAMH
HANpPSDKEHMsl, KOTOPbIE CO3JAI0T 4aCTh PACIPEENICHHs IOTOKOB 110 MapIIpyTaM.
Uro0b! IOMONHUTE TTOTOKH MPOIYKTOB JIO MOJNHBIX, B BETBH MapIIPyTOB BBOJSTCS
HNCTOYHUKH HATPSDKEHUsI, KOTOPHIE TAIOT JOMONHHUTENbHBIE TOKH. s MapImpyToB
CBEpX YMCIIa PA30MKHYTHIX MyTeH, 3HaUE€HHs TOKOB JOTOIHEHHUS CleTyeT BhIOPATh.
Cymma TOKOB OT BCE€X HCTOYHHUKOB Ja€T 3HA4YCHHUS TIIOTOKOB IIPOAYKTOB OT
MOCTABIIUKOB K MOTPEOUTEIISIM, pelias 3a1a4y JOTUCTHKH.

CereBast MozeNIb NpUMEHSIETCS JUIL pacdyera 0e3 HTepanuii MOTOKOB INPOIYKTOB
10 MapIIpyTaM, CTOMMOCTH TIEPEBO3KH, a TAaKXKe MPeoOpa3oBaHHs PEMICHUS IIPH
HM3MEHEHUH MapHIpyToB, Tapu(OB, CIpoca U MPEATI0KEHHS, C TOMOIIBIO aITOPUTMOB
TEH30PHOT'0 METO/Ia IBOMCTBEHHBIX CETEH.

KoaroueBrble ciioBa: cereBasi MOJIelb, TEH30PHBIH METO, MaTPHULIBI IIPE0Opa30BaHHs
MyTel, WHBAapUAHT JABOWCTBEHHOCTH, CHCTEMa JIOTHCTHKH, TpPaHCIOPTHPOBKA
MIPOIYKTOB.
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